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  I NSTRUCTIONS TO CANDI DAT E S

                • Wri te your name, centre number and candi date number i n the spaces provided on the answer booklet.

    • Answer a l l the q uestions.

                • Give non-exact numer ical answer s co rrect to 3 si gnificant figures unless a different de gree of accuracy is
       specified in th e question or is clearly appropr iate.

           • You are per mitted to use a graphical c alculator i n this pa per.

  I N F O R M AT I O N F O R C A N D I DAT E S

                   • The number of mark s is g iven in brackets [ ] a t the end of each q uestion or par t q uestion.

          • The tota l number of mar ks for this pap er is 7 2.

  A DV I C E TO C A N D I D AT E S

                  • Read each question carefully and make sure you know what y ou have to do before star ting your answer.

            • Yo u are r eminded of th e need for clear pres entation in your a nsw ers.

      This do cument co nsists of 4 pri nted pages.
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1   For th e even ts A a n d B, P(A) =  0 . 3 , P(B) =   0 . 6 a n d P(A ∩ B) = c, where c ≠ 0.

  (i) Find P(A ∩B)   in ter ms of c. [ 3 ]

  ( i i ) Find P(B | A)    and d educe t hat 0 .1 ≤ c ≤  0 . 4 . [ 3 ]

                  2 O f 9 r a n d o m l y c h o s e n s t u d e n t s a t t e n d i n g a l e c t u r e , 4 w e r e f o u n d t o b e s m o k e r s a n d 5 w e r e n o n -

              smokers. During the lect ure their pulse-r ates we re measured, with the following results in beats per

minute.

    Smoke rs 77 85 90 98

N o n - s mok e r s  59 64 6 8 8 0 8 8

                I t m a y b e a s s u m e d t h a t t h e s e t w o g r o u p s o f s t u d e n t s w e r e r a n do m s a m p l e s f r o m t h e s t u d e n t p o p u l a t i o n s

               o f s m o k e r s a n d n o n - s m o k e r s . U s i n g a s u i t a b l e W i l co x o n t e s t a t t h e 1 0 % s i g n i fi c a n c e l e ve l , t e s t w h e t h e r

            there is a difference in the me dian pulse -rates o f the two p opulations. [7]

    3 The d iscrete ra ndom variables X and Y         have the joint probability dist ribution given in the f ollowing

table.

X

−  1 0 1

   1 0 . 2 4 0 . 2 2 0 . 0 4
Y

   2 0 . 2 6 0 . 1 8 0 . 0 6

   (i) Show that Cov(X, Y) =  0. [5]

     ( i i ) F i n d t h e c o n d i t i o n a l d i s t r i b u t i o n o f X  g iv e n t h a t Y =  2 . [ 2 ]

                 4 The levels of impurity in a pa rticular al loy were measure d using a random sample of 20 spe cimens.

       The results, in suitable units, were as follows.

         3 . 0 0 2 . 0 5 3 . 1 5 2 . 6 5 3 . 5 0 3 . 2 5 2 . 8 5 3 . 3 5 2 . 6 5 2 . 7 5

         2 . 9 0 2 . 2 0 2 . 9 5 3 . 0 5 3 . 6 5 3 . 4 5 2 . 5 5 2 . 1 5 2 . 8 0 2 . 6 0

                  (i) U s e t h e s i g n t e s t , a t t h e 5 % s i g n i fi c a n c e l e ve l , t o d e c i d e i f t h e r e i s ev i d e n c e t h a t t h e p o p u l a t i o n

        median level o f impurity is grea ter than 2.70. [7]

                ( i i ) State what other te st might have be en used, and give one adv antage and one disadvantage this

       other test has over the sign test. [3]
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5    The continuous random variable X      h a s p r o b a b i l i t y d e n s i t y f u n c t i o n g i ve n b y

f (x) =
⎧⎪
⎨
⎪⎩

1

(α − 1)!
x

α−1
e
−x

x ≥ 0,

0 x < 0,

w h e re α    is a positive integer.

      (i) Explai n how you can ded uce that 
∞

0

x
α−1 e−x dx = (α − 1)  !. [1]

          ( i i ) Write down an integral for the moment generating f unction M
X
(t) o f X     a n d s h ow, b y u s i n g t h e

substitution x = u

1 − t
, that M

X
(t) = (1 − t)−α. [ 5 ]

          ( i i i ) U s e t h e m o m e n t g e n e r a t i n g f u n c t i o n t o fi n d , i n t e r m s o f α ,

 (a) E(X)  , [ 3 ]

 ( b ) Var(X)  . [ 3 ]

    6 The discrete ra ndom variable X t a kes t h e val u e s 0 an d 1 w i th P(X = 0) = q  and P(X = 1) = p, w he re

p + q = 1 .

       (i) Write down the probability generating functi on of X. [ 1 ]

  T h e s u m o f n   i n d e p e n d e n t o b s e r v a t i o n s o f X   is denoted by S.

       ( i i ) Write down the probability generating functi on of S      , and name the dist ribution of S. [ 2 ]

      ( i i i ) Use the probability ge nerating function of S   to find E(S)  and Var(S). [ 6 ]

    (iv) T h e i n d e p e n d e n t r a n d om va r i a b l e s Y and Z   are such that Y    h a s t h e d i s t r i bu t i o n B1 0 , 1

2
, and

Z     has probability generating function e−(1−t)          . Find the probability that the sum of one r andom

 o b s e r va t i o n o f Y     a n d o n e r a n d o m o b s e r v a t i o n o f Z     is equal to 2. [6]

    [ Q u e s t i o n 7 i s p r i n t e d o v e r l e a f. ]
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7    T h e c o n t i n u o u s r  a n d o m va r i a b l e X       has a uniform distr ibution over the interval [0, θ]   so that the

     probability density function is give n by

f (x) =
⎧⎪
⎨
⎪⎩

1

θ
0 ≤ x ≤ θ,

0 o t h e r w i s e ,

w h e re θ       is a positive constant. A sample of n   independent observati ons of X     is taken and the sample

   mean is denoted by X .

  (i) The estimator T
1

  is defined by T
1
= 2 X   . S h o w t h a t T

1
    i s a n u n b i a s e d e s t i m a t o r o f θ . [2]

           It is given that the probability densit y function of the largest value, U     , in the sample is

g(u) =
⎧⎪
⎨
⎪⎩

nu n−1

θn
0 ≤u ≤ θ ,

0 o t h e r w i s e .

  ( i i ) Find E(U)    and show th at Var(U ) = nθ
2

(n + 1)2(n + 2)
. [ 6 ]

  ( i i i ) T h e e s t i m a t o r T
2

  is defin ed by T
2
=

n+ 1

n
U. Given that T

2
     is also an unbiased estimat or of θ,

 show tha t T
2

     is a more e fficient e stimator than T
1

for n >  1 . [ 7 ]
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